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I. INTRODUCTION 

The recent indications of a deficit in the vP flux of atmospheric neutrinos and the 

long-standing solar neutrino problem have motivated new searches for neutrino oscil- 

lations with small neutrino Am* (< leV*).l The neutrino beams available from the 

Fermilab Main Injector2 will provide a unique laboratory for the study of such effects. 

They wiil be intense, well-understood beams with neutrino energies from lo-50 GeV 

and by constructing experiments at large distances (hundreds of kilometers) the ex- 

periments can probe regions of parameter space relevant to these puzzles. One feature 

of such experiments is that the neutrino beams would pass through the Earth’s crust, 

permitting matter-enhancement to affect the oscillations. Th.is paper addresses the 

physics accessible at such experiments. We first review the phenomenon of neutrino 

oscillations with an emphasis on matter-enhancement; next we describe the likely 

experimental errors and conclude with a description of the potential power of such 

searches. We find that the ability of experiments to search for matter-enhancement 

must include excellent systematic controls or these effects cannot be detected.3 

II. REVIEW OF NEUTRINO OSCILLATION PHENOMENOLOGY 

A. Review of Neutrino Oscillations in Vacuum 

The time evolution of an ultra-relativistic plane wave neutrino state propagating 

in vacuum with momentum I< in the mass eigenstate basis is given by the trivial 

relation: 

144) = 44 I4 + 49 I4. P.1) 

The Dirac equation for this state reduces to the following Schrodinger-like equation: 



In the uitra-reiativistic limit we can use the approximation that 

@q = (K-cmfqfXm:) $g + a($) (2.3) 

where f!.rni s rni - m: and the minus (plus) sign is for the 1 (2) eigenstate. Notice 

that in this expression (I< + mt4Y9 IS common to both mass eigenstates and can 

be removed by changing the overall phase of the neutrino state by an amount 

exp( i(K + m: + 4K m5f). 

After this change of phase the time evolution is governed by 

In general the vacuum msss eigenstates are not identical to the flavor eigenstates 

but are related by 

(:)=(-:::::) ($ (2.6) 

where 00 is the vacuum mixing angle. In this flavor basis the time evolution is 

.d we i) 1 -~cos 2eo 3 sin 280 v, 
2 =i (2.7) 
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From Eqs. 2.5 and 2.6 it is easy to calculate the probability of producing one flavor of 

neutrino U, at the source. letting the neutrino propagate to the detector, a distance 

L away, and then detecting the neutrino as a different flavor ~6. This transition 

probability is 

Paa = sin’2& sin’ (,.?,A;/ “) (2.8) 
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where Am& I< and L are measured in eVZI GeV, and kilometers respectively (we 

use these units throughout). The experiments measure this probability and either 

measure a finite value for Pa* or assign a limit ‘PO& < c; the value of 6, the neu- 

trino energy spectrum, and the source-detector distance then define a region in the 

(sin*28,,, Am:) plane for each experiment. This c should be thought of as a mini- 

mum measurable oscillation probability for the experiment. 

The size of e, or the limit in our ability to measure P.b, arises from four sources 

(assuming the statistical errors are small compared to the systematic uncertainties): 

(1) the contamination of the beam with other neutrino species, (2) the fractional 

uncertainty in the neutrino flux calculations, (3) the knowledge of the experimental 

acceptance for the different neutrino species, and (4) backgrounds to the Yb signal; 

we discuss these issues in Sec. 2. Then for large Ami an experiment can explore any 

sin’ 290 12 e. W) 

The factor of two comes from averaging the sin* (1.27 AmzL/K) term in Eq. 2.8. 

For sin* 280 = 1 the limit on the mass difference squared is 

assuming t << 1. Note the momentum factor in the numerator as this will be impor- 

tant to us later. For smaller sins 20s a good appmzimation to the probability contour 

is a straight line with slope -l/2 in a log-log plot in the (sin22&, Am:) plane until 

this line intersects the vertical line from Eq. 2.9. In Fig. 1 this region is shown for 

various values of L and 6 keeping the neutrino momentum fixed at 20 GeV. 
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B. Neutrino Oscillations in Uniform Matter 

The effect of matter on the neutrino evolution is seen easily in the flavor basis. 

The eiectron neutrino can elastically forward scatter off the electrons in the matter 

through the charged current interaction4 whereas the muon neutrinos cannot. The 

term that must be added to the top diagonal element of the evolution matrix in 

Eq. 2.1 is5 

+ & GF Ne. (2.11) 

Once again it is convenient to make the diagonal elements of the evolution matrix 

equal in magnitude but opposite in sign by changing the overall phase of the neutrino 

state by 

exp(i 
GFs t). 

Then the neutrino evolution equation becomes 

-~cos2eo + &GFNe 3 sin 2eo 

$$- sin ze, ~~~~20~ - ~ZG~N, 

(2.13) 

If n’, is a constant or simple function this evolution equation can be solved analyti- 

cally; otherwise it must be integrated numerically. 

For uniform matter the matter mass eigenstates are the natural basis. They are 

obtained by finding Am:, and ON such that 

Am:, 
- cos 2eN = 

Ami 
2K 

211 cos 2eo - d5GpNe 

Am% 
-iiT 

sin2tJv = % sin’& , 

where 0-v is the matter mixing angle that determines the matter mass eigenstates in 

terms of the flavor eigenstates: 
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[;) = (,::a:“,:) (::)l (2.15) 

The resonance density is the density which makes the diagonal elements of Eq. 2.13 

zero and hence maximally mixes the two neutrino species, 

e,=: 

and 

N 
e 

= Am~cos20, 

~,&GF 

The time evolution in terms of these mass eigenstates is: 

a(;)=;(y;][r;). 

(2.16) 

(2.17) 

(2.18) 

From Eqs. 2.15 and 2.18 it is easy to see that the form of the transition probability is 

the same as before (Eq. 2.8), but with the matter angles and matter mass difference 

squared replacing their vacuum values: 

Fob = sin’ ‘i!eN sin’(1.27 
“2 L). 

In terms of these matter parameters, (sin* 2Ov, Am;) the limits on the experiment 

are the same as before: 

Sin’ %h 2 2 c 

and 

(2.20) 

(2.21) 

In terms of the (sins 20,,, Am:) plane we have to use Eq. 2.14 to make the transfor- 

mation between the two. This is straightforward except in the case that cos26’N is 
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negative. This occurs when the number density of electrons is larger than the reso- 

nance density of Eq. 2.17. In Figs. 2 and 3 the mapped regions for v and ii are shown 

together with the region explored in the vacuum for various detector distances, L, 

and limits on systematic uncertainties e. for fixed momentum I( = 20 GeV. The num- 

ber density of electrons N, is calculated assuming an average density times proton 

fraction of the Earth’s mantle of 1.8 g cm-3.6 

If we fix the detector distance L and the minimum measurable probability e but 

vary the momentum I< the plot is scaled up or down without any change in shape. 

This is because the bulge on the left of the plot is caused by the mass difference being 

close to the value needed for resonance 

(2.22) 

This Am; scales with momentum in exactly the same way as does the minimum Am: 

of Eq. 2.10. The size of the bulge is determined by the distance between the source 

and the detector and the number density of electrons in the mantle of the Earth. 

Fig. 4a is an example of the same experiment with two different momenta for the 

neutrinos. all other variables held fixed. 

C. Anti-Neutrino Oscillation Experiments in Uniform Matter 

For anti-neutrinos propagating through matter, the situation is the same as for 

neutrinos but with 

dGFNc - -&iGF,~,. (2.23) 

Fig. 4b is the same as Fig. 4a except for anti-neutrinos instead of neutrinos. We have 

implicitly assumed Ama is positive; if it is negative then the roles of neutrinos and 

anti-neutrinos are reversed. 
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III. EXPERIMENT 

Oscillation experiments are one of two types: appearance or disappearance. Ap- 

pearance experiments search for the presence of a particular species of neutrino where 

none was expected. Disappearance experiments measure the flux of a given species 

at two or more locations and search for a variation with L/E.7 

High-energy neutrino beams are generally > 95% V+ with a smail admixture of ye. 

Hence appearance experiments at accelerators have concentrated on the oscillation 

v,, -+ V, and disappearance experiments have studied vlr -+ vx. A u, appearance 

experiment requires a well-understood initial V, flux and detectors capable of precise 

detection and isolation of the V, component. The experiments have been limited to 

P(Y, + v.) > 0.5% by backgrounds to the Ye signal and uncertainty in the initial 

flux. 

Disappearance measurements from v,, use two detectors at different locations: the 

first detector measures the v,, flux in the beam. The observed rate in the upstream 

detector is then used to predict the rate in the second, downstream detector. After 

correcting for solid angle, acceptance, and other effects the experiment searches for a 

dependence of rate with L/E. Here the detectors need not be as complicated because 

muons. detected in both locations. are easier to identify than electrons. This class of 

experiments has been limited by the statistical error in the second detector; in order to 

reach an interesting range of L/E, the second detector must be well-downstream of the 

first, but then the smaller solid angle of the second detector results in correspondingly 

fewer events. 

No accelerator experiment, given the combination of experimental errors, beam 

energies, and distances. has been able to search for oscillations with ilmr 5 0.1 eVs; 

experiments at reactors have been able to reach &.m’ Y 0.01 eV*, but only for large 

mixing angles.’ 



The atmospheric neutrino deficit described earlier may indicate oscillations with 

Am2 5 10T3 eV*, at least an order of magnitude below existing searches. The 

evidence for oscillations presented by these experiments is not conclusive because 

of a variety of systematic errors; a well-understood beam with a known spectrum 

would be invaluable in confirming or refuting the idea that neutrino oscillations are 

responsible for the effects. This situation has motivated suggestions for experiments 

using the intense neutrino beams available at the Fermilab Main Injector. 2qg In order 

to reach the relevant region. the experiments must search at large L/E; hence the 

name “long-baseline.” 

The FNAL Main Injector neutrino beams will have energies of approximately lo- 

50 GeV with a mean of 16 GeV; a typical spectrum is displayed in Fig. 5. Values 

of L (baselines) of more than a few hundred kilometers are then required to map 

out the interesting region. In this paper, we choose two values of L motivated by a 

range of possible experiments: 600 and 6000 km. The Main Injector Neutrino beam 

will yield approximately 800 events/kton/year for a detector with solid angle of 1 

nanosteradian; a one-year run at the Main Injector would provide 2 x 1010 protons.2 

A. Disappearance Experiments 

The suggested disappearance experiments will measure the initial v+ flux at some 

short distance (x 0.6 km) with high statistics and then remeasure it, a distance L 

downstream. One interesting proposal is to use a proposed Y” -+ v, search” as the 

near-detector, combining a variety of oscillation experiments along one beamline; in 

this case. the errors on the initial measurement can probably be kept to 3~1%. 

The second measurement. at the long-baseline detector itself, has a variety of sys- 

tematic errors. We do not present an exhaustive list. but. concentrate on those which 

we think will determine e. 
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This class of experiments will form a ratio t,o give the change in muon-neutrino 

flux. The numerator is derived from the number of charged-current interactions 

taking place in the surrounding medium where the resulting muon passes through 

and triggers the detector; we denote the acceptance for these muons by A,. The vlr 

flux is then 

and the systematic error is the error in the acceptance A,. The rate of vlr interactions 

in the upstream detector (which we take to have negligible error for simplicity) can 

then be used to predict the flux in the downstream detector to search for oscillations. 

It is not sufficient to measure the Y,, fraction at the second detector. Let Q be the 

initial ye/v, fraction and P the vy -+ V, transition probability. Then if we measure 

the fraction F of v,, at two locations I and II, 

the shift in F is only second-order since both ~1 and ‘P are small. Since absolute 

flux measurements are unreliable at the level of interest, a calculation from a beam 

simulation will only give the fraction Q and not the predicted flux. Hence an upstream 

detector which simvitaneovsiy measures the neutrino Rux is essential. 

The value of A, and its energy dependence are functions of the individual experi- 

ment. The nature of the detector and of the surrounding medium will determine how 

well these acceptances can be understood. One important variable is the threshold 

energy for the detection of a muon; a large detector may require a correspondingly 

larger threshold energy unless the detector is densely instrumented. 

Internal checks on the acceptance will be problematic because of the small statistical 

samples available. Depending on distance, between 100-6000 contained events/year 

are expected in prototypical detectors and although the statistical limits on c are 
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good. the statistical limit on estimation of the systematic errors will be no better 

than l-3% The experiments normally quote 90% CL exclusion contours, and so we 

choose a range of e which reflect likely 90% CL limits. A limit of 1% seems the best 

which is ideally achievable given that neither the flux nor the acceptance error is 

expected to be smaller than l%, and a reasonable worst-case error is e = 10% at 90% 

CL. We have also chosen to present e = 3% as a middle” value. 

B. Appearance Experiments 

An appearance experiment is a far more convincing method of demonstrating neu- 

trino oscillations than a disappearance measurement. We discuss below two possible 

modes for an appearance search. 

First, the ability to distinguish v, from vU neutral current events would permit 

searches for vP -+ v, appearance. A combined appearance-disappearance signal in one 

experiment would be strong evidence for an oscillation signal. All of the suggested 

detectors are in principle capable of performing a vlr + v, search but with lms 

reach than in the disappearance channel. The experiments are difficult and require 

specialized apparati designed for such a signal. The technique has been studied in 

v, appearance searches at BNL.7 One major source of error, which creates stringent 

demands on the detector. is r0 production in the shower with subsequent efe- pair 

production; either of the e+e- tracks can easily be confused with a Y, charged current 

signal. The other source of error, the Y, contamination in the beam, will have been 

measured in the upstream detector, although extrapolation from the Ye content at 

z 600 meters to the fraction at 600-6000 lcilometers will require a well-measured 

targeting angle and accurate geodesy. 

It may also be that the most interesting channel is not v,, + v, but vii + u,. 

Small Am’,, values couid explain the atmospheric neutrino deficit. Although matter- 
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enhancement plays no role in the v,, + v, channel. the long-baselines available permit 

searches for oscillations at small Am’,,. Such an experiment would be a invaluable 

addition to vu + v, searches. A signal in this channel would be difficult to isolate, 

because the charged current interaction v,N + TX, followed by the decay r + ~v,,u, 

would produce a muon difficult to distinguish from the muons resulting from the 

predominant u,,N + PX reaction. 

An experiment capable of cleanly distinguishing charged from neutral current events 

could search for v,, + vr oscillations through a deviation of the observed R, = 

u(Y,,, NC)/o(v,,, CC) from the expected value. R, is currently known to < 2.0% 

and significant improvements are forthcoming from deep-inelastic measurements of 

sin2 0~ at Fermilab.’ ‘,12 The measurement of the numerator of R, would rely on T 

decays into hadrons. These decays would look like neutral current events, and hence 

will cause an increase in the ratio over that expected by Standard Model electroweak 

processes, signalling oscillations. 

In order to determine the denominator u(v,CC), the experiment would detect 

charged current interactions by observing the muon exiting from the hadronic shower; 

the detectors would need sufficient fiducial mass along the beam direction to absorb 

the shower and then detect the exiting muon. The analysis techniques have been care- 

fully studied in measurements of R, at the Fermilab and CERN experiments13*14 and 

extrapolation to the lower energies (50-100 GeV neutrinos for the old experiments 

as. lo-20 GeV at the Main Injector) would be straightforward. Such an experiment 

would also have the significant advantage of forming fyp with solely contained events, 

where the knowledge of the acceptance and controls over systematic effects would be 

far greater than for interactions taking place in the surroundings. 

. 
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IV. RESULTS AND CONCLUSIONS 

A detailed evaluation of the systematic errors in long-baseline oscillation experi- 

ments is beyond the scope of this paper. Our approach has been to assume a proba- 

bility c and calculate the attainable limits; we hope this will stimulate the experiments 

to meet these levels and provide a quantitative sense of the potential measurements 

of matter-enhanced oscillations. 15 

We have calculated the limits with v,, and tip spectra given in Fig. 5. The neutrinos 

and anti-neutrinos then produced muons through charged-current interactions using 

the appropriate y-distribution for deep-inelastic scattering. 16 

The acceptance for muons is a complicated and experiment-dependent quantity. 

We modeled it with a B-function; if the muon energy was less than 5, 10, or 20 

GeV (each of three cases) the muon was considered lost; for energies greater than 

the appropriate value the acceptance was assumed perfect. The neutrinos oscillated 

according to Eq. 2.13 and a grid of probabilities was then calculated, leadiig to 

the contours. We have included the effects of the varying density of the Earth by 

integrating this equation over the chords of interest; Q/p < 30% and the effects are 

smalL6 

We first present the results for Ye -+ v, oscillations. Since these oscillations are 

unaffected by matter-enhancement, the contours scale in a simple way. We plot 

vP -+ v, contours at 600 and 6000 km for c = l%, 3%, and 10% in Figs. 6 and 7 for 

neutrinos and anti-neutrinos respectively. 

The results for vP + v, oscillations at 600 and 6000 km are shown in Fig. 8 for 

neutrinos and Fig. 9 for anti-neutrinos. We see immediately that the sensitivity of 

neutrinos to matter-enhancement is large and could be expioited in an appropriate 

experiment. The anti-neutrinos have a much smaller effect7 and this difference couid 

be investigated as well. The statistics of an anti-neutrino run would suffer from the 
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smaller cross-section (uG/b, z 0.5) and from a less intense Cfl beam: hence an anti- 

neutrino experiment would need to run for six times as long as its neutrino counterpart 

to achieve the same statistical power. 

Any of these experiments would clearly confirm or refute the neutrino oscillation 

hypothesis as the cause of the atmospheric neutrino result. The region favored by this 

hypothesis is Am; N 0.03 eV* with a large mixing angie,17 well within the sensitive 

regions discussed here. 

Finally, the sensitivity to matter-enhancement of a very-long-baseline experiment 

could be largely negated by increased systematic errors. In Fig. 10 the solid and 

dotted-dashed curves show the neutrino oscillation contours for 600 km and 6000 km 

experiments where both have c =I% and a 5 GeV muon-detection threshold. The 

extra region accessible from matter-enhancement arises from the greater distance 

leading to a lower Am2 limit, along with the “bulge” from matter-enhancement. 

However, as we have argued above, the systematic errors and thresholds are likely to 

be worse for a longer-baseline experiment. The dashed contour shows the region for an 

equivalent 6000 km experiment with E = 3% and a 10 GeV muon-detection threshold. 

We see that now the difference is marginal. In addition, the statistical errors of the 

6000 km experiment would be much larger than those of its 600 km counterpart. 

The change in soiid angie would reduce the data sampie by a factor of approximately 

100, yielding no more than N 8 events/kton/year; to ensure an equal statistical 

sample. a larger detector and a proportionately longer running time are required. 

Hence a search for terrestrial matter-enhancement must overcome both statistical 

and systematic barriers to be successful. While such difficulties could undoubtedly 

be managed, they present formidable experimental hurdles. 
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FIG. 1. The approximate range in the (sin* 20u, Am$) plane for experiments in vacuum 

with c = l%, 3%, lo%, for distances of 300, 600, 1200, 3000, 6000, and 12000 km (from 

top to bottom) with a 20 GeV neutrino or anti-neutrino beam. 
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FIG. 2. The approximate range in the (sin228e, Ad) plane for experiments in the 

Earth’s crust (solid curve) with c = I%, 3%, lo%, for distances of 300, 600, 1200, 3006, 

6000, and 12000 km (from top to bottom) with a 20 GeV neutrino beam. The dashed cllfves 

give the ranges in the (sin228N, An&) plane. Recall that the (sin’ 28N, Am%) contours 

are identical to the (sin*28e, Ad) contours for the corresponding vacuum experiment 

(the same L/E but no intervening matter). 
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FIG. 3. The approximate range in the (sinz280, Am;) plane for experiments in the 

Earth’s crust (solid curve) with c = l%, 3%, lo%, for distances of 300, 600, 1200, 3000, 

6000, and 12000 km with a 20 GeV anti-neutrino beam. For an explanation of the dashed 

curves, see Fig. 2. 
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FIG. 4. The approximate range in the (sin* 2f?o, Am:) plane for the following c~di- 

tions: L = 6000 km and c = 3% with the energy of the beam E = 30 GeV (upper curve) and 

E = 10 GeV (lower curve), for (a) neutrinos and (b) anti-neutrinos. assuming Ami > 0. 

For an explanation of the dashed curves, see Fig. 2. 
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FIG. 5. The vu and c,, spectra used in the c&uiation. The events have been weighted 

for the linearly rising neutrino and anti-neutrino cross-sections. The incident proton energy 

at the Fermilab Main Injector is taken to be 120 GeV. 
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FIG. 6. The excluded region in the (sin2 200, Am;) plane for v,, - v, for L = 600 and 

6000 km with 6 = I1 3 and 10% and muon-detection thresholds as shown. 
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FIG. 7. The excluded region in the (sin*2&, Am;) plane for fiP - CT for L = 600 

and 6000 km with z = 1.3 and 10% and muon-detection thresholds as shown. This plot 

is marginally different from Fig. 6 because of the different y-distributions and spectra for 

neutrinos and anti-neutrinos. 
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FIG. 8. The exclusion region in the (sin2 200, Ami) plane for vw - U, oscillations in 

the Earth for L = 600 and 6000 km with E = 1,3, and 109 0 and muon-detection thresholds 

<IS shown. 
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FIG. 9. The exclusion region in the (sin2 2&, Ad) plane for 17~ - tie osciilations in 

the Earth for L = 600 and 6000 km with c = 1,3, and 10% and muon-detection thresholds 

as shown. 
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FIG. 10. Comparison of oscillation experiments at 600 and 6000 km with different muon- 

detection thresholds and 6 as shown. 
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